On 3-γt-vertex critical graphs of diameter three  by Chellali, Mustapha et al.
Discrete Applied Mathematics 160 (2012) 676–681
Contents lists available at SciVerse ScienceDirect
Discrete Applied Mathematics
journal homepage: www.elsevier.com/locate/dam
Note
On 3-γt-vertex critical graphs of diameter three
Mustapha Chellali a, Nader Jafari Rad b,c,∗, Abdollah Khodkar d
a LAMDA-RO Laboratory, Department of Mathematics, University of Blida, B.P. 270, Blida, Algeria
b Department of Mathematics, Shahrood University of Technology, Shahrood, Iran
c School of Mathematics, Institute for Research in Fundamental Sciences (IPM), P.O. Box 19395-5746, Tehran, Iran
d Department of Mathematics, University of West Georgia, Carrollton, GA 30118, United States
a r t i c l e i n f o
Article history:
Received 8 November 2010
Received in revised form 15 June 2011
Accepted 23 September 2011
Available online 22 October 2011
Keywords:
Total domination
Vertex critical
Diameter
a b s t r a c t
A total dominating set of a graphG = (V , E)with no isolated vertex is a set S ⊆ V such that
every vertex is adjacent to a vertex in S. The minimum cardinality of a total dominating set
of G is the total domination number γt(G) of G. Let k ≥ 3 be an integer. A graph G with
no isolated vertex is k-γt -vertex critical if γt(G) = k and γt(G − v) < k for every vertex
v of G that is not adjacent to a vertex of degree one. In this note we study 3-γt -vertex
critical graphs of diameter three. We prove that such graphs have order at least 10, and we
characterize all 3-γt -vertex critical graphs of order 10. Moreover, we show that for every
even number n ≥ 10, there is a 3-γt -vertex critical graph of order n.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let G = (V , E) be a graph with vertex set V and edge set E. The open neighborhood of a vertex v ∈ V is N(v) = NG(v) =
{u ∈ V | uv ∈ E} and the closed neighborhood of v is N[v] = NG[v] = NG(v) ∪ {v}. The degree of v is |N(v)|. By n(G) = n
and δ(G) = δ we denote the order and theminimum degree of the graph G, respectively. An end-vertex (or leaf) is a vertex of
degree one in G, and a support vertex is a vertex adjacent to an end-vertex. The set of all support vertices of G is denoted by
S(G). The connectivity of G, κ(G), is said to be k if one needs to remove at least k vertices of G in order to disconnect G. For
terminology and notation not defined here, see [9].
A subset S of V is a dominating set of G if every vertex v not in S is adjacent to a vertex of S. The domination number γ (G)
is the minimum cardinality of a dominating set of G.
A subsetD of V is a total dominating set (or just TDS) if each vertex v of V is adjacent to a vertex ofD. Note that every graph
without isolated vertices has a TDS since V is such a set. The total domination number γt(G) is the minimum cardinality of a
TDS of G. A TDS of G of size γt(G) is called a γt(G)-set. A graph G is said to be total domination vertex critical, or just γt-vertex
critical, if for every vertex v in V − S(G), γt(G − v) < γt(G). Moreover, if γt(G) = k, then we say that G is k-γt-vertex
critical. Clearly if v ∈ V − S(G), then γt(G) ≤ γt(G − v) + 1. It follows that in a total domination vertex critical graph
G, γt(G− v) = γt(G)− 1 for every vertex v ∈ V − S(G). We will use the notation Sv for a γt(G− v)-set. For more treatment
of (total) domination vertex critical graphs, see for example [1–8].
In [1], Goddard et al. posed the following problem.
Problem 1 (Goddard et al., 2004 [1]). Characterize all 3-γt-vertex critical graphs of diameter 3.
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In this note, we study Problem 1. We show that if G is a 3-γt-vertex critical graph of diameter three and minimum
degree at least two, then |V | ≥ 10. Then we characterize 3-γt-vertex critical graphs of diameter three and minimum order.
Moreover, we show that for any even number n ≥ 10, there is a 3-γt-vertex critical graph of order n.
We make use of the following. The first observation follows from the fact that if some γt(G− v)-set contains a neighbor
of v, then such a set would be a TDS for G.
Observation 2. For any vertex v in a γt-vertex critical graph G, Sv ∩ N(v) = ∅.
Observation 3 (Goddard et al., 2004 [1]). If a graph G has nonadjacent vertices u and v with v ∉ S(G) and with N(u) ⊆ N(v),
then G is not γt-vertex critical.
Recall that the corona graph cor(G) of a graph G is the graph constructed from a copy of G, where for each vertex v ∈ V ,
a new vertex v′ and a pendant edge vv′ are added.
Theorem 4 (Goddard et al., 2004 [1]). Let G be a connected graph with an end-vertex and order at least 3. Then G is k-γt-vertex
critical if and only if G = cor(H) for some connected graph H of order k with δ(H) ≥ 2.
An immediate consequence of Theorem 4 is the following characterization of 3-γt-vertex critical graphs of diameter 3
with at least one end-vertex.
Corollary 5. Let G be a connected graph of diameter three with an end-vertex. Then G is 3- γt-vertex critical if and only if
G = cor(K3).
Therefore in whole of this paper, we only consider graphs with no end-vertex.
2. Main results
We shall prove the following.
Theorem 6. If G is a 3- γt-vertex critical graph of order n, diameter 3, and with no end-vertex, then n ≥ 10.
Theorem 7. Let G be a graph of order 10, diam(G) = 3, and with no end-vertex. Then G is 3- γt-vertex critical if and only if G
is one of the seven graphs in Fig. 1.
Proposition 8. For any even number n ≥ 10, there is a 3- γt-vertex critical graph of order n and diameter 3.
We close this section by mentioning that graphs H2 and H3 are obtained from H1 by adding the edge bc ′ and db′,
respectively. The graph H5 is obtained from H4 by removing the edge bb′. Also H2 and H3 are spanning graphs of H4. Finally
H6 is obtained from H4 by removing the edges bb′ and dc ′.
3. Proof of Theorem 6
Proof. Let G be a 3-γt-vertex critical graph of order n, diameter 3 and with no end-vertex. Let us first prove some facts that
will be useful for the next.
Fact 1. δ(G) ≥ 3.
Proof. Assume, to the contrary, that δ(G) = 2. Let u be a vertex of degree two, and let N(u) = {a, b}. To dominate u in
G−a, Sa must contain b. It follows that ab ∉ E for otherwise we have a contradiction with Observation 2. So wemay assume
that Sa = {b, b′}, where b′ ∈ N(b)−{u}. By Observation 2, b ∉ Sb′ and to dominate u by Sb′ , wemay assume that Sb′ = {a, a′},
where a′ is a vertex adjacent to a (possibly a′ = u). Hence aa′, ba′ ∈ E, implying that a, b ∉ Sa′ . Now if a′ ≠ u, then Sa′ does
not dominate u, a contradiction. Hence a′ = u. Clearly a dominates all neighbors of b′ besides b. Let A = N(a)− {u}. If some
vertex x ∈ A is adjacent to b, then Sx does not dominate u, a contradiction. Hence N(b) = {u, b′}. Now if y is a vertex of A
adjacent to both a and b′, then Sy = {u, b} and so b dominates all N(a) − {y}. But since N(b) = {u, b′} we conclude that
N(a)− {y} = ∅ and so G is a cycle C5, contradicting the fact G has diameter three. Hence no vertex of A is adjacent to b but
then b′ is an end-vertex, a contradiction. Therefore δ(G) ≥ 3. 
Fact 2. κ(G) ≥ 3.
Proof. Observe first that if G has a cut-vertex v, then G − v is disconnected, and so γt(G − v) ≥ 4, a contradiction. Hence
κ(G) ≥ 2. Suppose now that κ(G) = 2 and let {x, y} be a vertex cut-set. Let G1 and G2 be two components of G − {x, y}.
By Fact 1, each of G1 and G2 has order at least two. In order for Sx to totally dominate G − x it is required that y belongs to
Sx, for otherwise γt(G − x) ≥ 4. So xy ∉ E. Without loss of generality, assume that Sx = {y, a}, where a is a vertex of G1.
Then y is adjacent to all vertices of G2. Now if x is adjacent to some vertex z of G2, then {x, y} ⊂ N(z), and so Sz does not
dominate G− z, a contradiction. Therefore, the vertex x is not adjacent in G to any vertex of V (G2). But then y is a cut-vertex,
a contradiction. 
Let x be a diametrical vertex in G, and for i = 1, 2, 3, let Vi be the set of vertices of G at distance i from x.
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Fig. 1. 3-γt -vertex critical graphs of order 10, diam(G) = 3, with no end-vertices.
Fact 3. γ (G[V1]) ≥ 2 and γ (G[V2]) ≥ 2.
Proof. Assume to the contrary that γ (G[V1]) = 1 and let u be any vertex of V1 that dominates all V1. By Observation 2, Su
contains no vertex of V1 ∪ {x}, and so x is not dominated by Su, a contradiction. Likewise if γ (G[V2]) = 1, then some vertex
v ∈ V2 is adjacent to all V2, but then |Sv ∩ V3| ≥ 2 and |Sv ∩ (V1 ∪ {x})| ≥ 2, a contradiction too. 
Fact 4. |V2| ≥ 4.
Proof. By Fact 2, |V2| ≥ 3. Assume that |V2| = 3 and let V2 = {a, b, c}. By Observation 2, Sx ∩ V1 = ∅. So Sx ∩ V2 ≠ ∅.
Assume that |Sx ∩ V2| = 1, with a ∈ Sx∩V2. Then a dominates all V1, and so N(x) ⊆ N(a), contradicting Observation 3. Thus
|Sx ∩ V2| = 2, where without loss of generality Sx ∩ V2 = {a, b}. Then c is adjacent to either a or b but then γ (G[V2]) = 1, a
contradiction with Fact 3. Therefore |V2| ≥ 4. 
Now we return to the proof of Theorem 6. By Facts 2 and 4, n ≥ 9. Clearly if n = 9, then |V1| = 3, |V2| = 4 and |V3| = 1.
In this case let V1 = {a, b, c}, V2 = {a′, b′, c ′, d′} and V3 = {y}. Since no vertex of V1 belongs to Sx, as seen in the proof of
Fact 4, we may assume that Sx = {b′, c ′}. If a′b′, d′b′ ∈ E, then {b′} is a dominating set for G[V2], contradicting Fact 3. So
{a′, d′} ⊈ N(b′) and likewise {a′, d′} ⊈ N(c ′). So we can assume that N(b′) ∩ V2 = {a′, c ′} and N(c ′) ∩ V2 = {b′, d′}. Since
{b′, c ′} dominates V1, by Observation 3 and, without loss of generality, assume that b′ is adjacent to a, b and c ′ is adjacent
to c . Now to dominate y by Sb′ , it is required that d′ ∈ Sb′ and so d′y ∈ E. Moreover since {a, b} ⊂ N(b′), it follows that
Sb′ = {d′, c}. By Fact 3, {a, b} ⊈ N(c) and by Observation 3, {a, b} ⊈ N(d′). So we may assume that c is adjacent to a and d′
is adjacent to b. Now it is clear that a ∈ Sd′ and so Sd′ either contains a, b′ or a, a′.
If Sd′ = {a, b′}, then b′ is adjacent to y. On the other hand, to dominate y by Sc′ , a′ should be in Sc′ , and so a′y ∈ E. Using
the fact that |Sc′ ∩ {a, b}| = 1 and ab ∉ E (by Fact 3) we arrive to {a, b} ⊆ N(a
′
). It follows that c ′ ∈ Sb, and so c ′y ∈ E. Since
y is adjacent to all V2, we have Sy ⊆ V1, implying that γ (G[V1]) = 1, a contradiction with Fact 3.
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If Sd′ = {a, a′}, then ba′ ∈ E since ab ∉ E. Hence c ′ ∈ Sb and so c ′y ∈ E. If b′y ∈ E, then Sy ⊆ V1, implying that G[V1] has
dominating set of size 1, contradicting Fact 3. Thus b′y ∉ E and hence Sy ∈ {{a, b′}, {b, b′}}. If Sy = {a, b′}, then b′ ∈ N(d′)
since a ∈ Sd′ . This contradicts Fact 3. Thus Sy = {b, b′}. Now either b ∈ N(c) which contradicts Fact 3, or b′ ∈ N(c) which
contradicts Observation 3. Consequently n ≥ 10, completing the proof of Theorem 6. 
4. Proof of Theorem 7
Proof. The ‘if’ part is simple to check and we omit it. Now assume that G is a 3-γt-vertex critical graph of order 10, diameter
three and with no isolated vertex. Let x be a diametrical vertex in G, and for i = 1, 2, 3, let Vi be the set of vertices of G at
distance i from x. Thus Facts 1–4 hold. We need to prove some more facts.
Fact 5. |V1| = |V2| = 4.
Proof. It suffices to prove that |V1| = 4. Assume to the contrary that |V1| = 3, and let V1 = {a, b, c}. We consider two cases.
Case i. |V2| = 4. Let V2 = {a′, b′, c ′, d′}. Hence |V3| = 2, say V3 = {y, z}. If Sx contains only one vertex from V2, then
N(x) ⊆ N(v) for such a vertex v ∈ V2, a contradiction. Thus without loss of generality, suppose that Sx = {b′, c ′}. By Fact 3,
we may assume that N(b′) ∩ V2 = {a′, c ′} and N(c ′) ∩ V2 = {b′, d′}. Also b′ is adjacent to a, b and c ′ is adjacent to c. To
dominate V3 by Sb′ , d′ belongs to Sb′ and so d′ is adjacent to both y and z. Since a, b ∈ N(b′), it follows that Sb′ = {d′, c}.
By Fact 3, {a, b} ⊈ N(c) and by Observation 3, {a, b} ⊈ N(d′). Hence we assume that a ∈ N(c) and b ∈ N(d′). Now
Sd′ ∈ {{a, a′}, {a, b′}}. If Sd′ = {a, a′}, then {b, y, z} ⊂ N(a′). Moreover, c ′ ∈ Sb and so c ′ is adjacent to both y and z. Now
b′ ∈ Sy and so b′ is adjacent to z. But since z dominates all V2, by Observation 2, Sz does not dominate y, a contradiction.
Hence Sd′ = {a, b′}. It follows that b′y ∈ E and b′z ∈ E. To dominate V3 by Sc′ , it is required that a′ belongs to Sc′ implying
that a′y ∈ E and a′z ∈ E. Now it follows that c ′ ∈ Sy and so c ′z ∈ E. Thus z dominates all V2 and so Sz does not dominate y,
a contradiction.
Case ii. |V2| = 5. Using a similar argument to that used above we arrive to a contradiction. The details are omitted. 
In what follows we let V1 = {a, b, c, d}, V2 = {a′, b′, c ′, d′} and V3 = {y}. Since Sx ⊆ V2, so we can assume that
Sx = {b′, c ′}. Also by Fact 3, a′ ∈ N(b′) and d′ ∈ N(c ′).
Fact 6. min{|N(b′) ∩ V1|, |N(c ′) ∩ V1|} ≥ 2.
Proof. Assume that min{|N(b′) ∩ V1|, |N(c ′) ∩ V1|} = |N(b′) ∩ V1|, where a is the unique neighbor of b′ in V1. Thus
N(c ′) ∩ V1 = {b, c, d} and ac ′ ∉ E by Observation 3. It is obvious that Sc′ = {a, a′} and so aa′ and ay′ ∈ E. We shall
show that |N(a′)∩V1| ≤ 2. Suppose to the contrary that |N(a′)∩V1| ≥ 3. Since a ∈ N(a′), we can assume that a′ is adjacent
to both c and d. Hence ab ∈ E to dominate b by Sc′ . Moreover, consider Sb′ to see that d′y ∈ E. If a′d′ ∈ E, then b′ ∈ Sd′ and so
b′y ∈ E. Since a is the unique neighbor of b′ in V1, then amust dominate all V1, a contradiction with Fact 3. Hence a′d′ ∉ E. It
follows that ad′ ∈ E to dominate d′ by Sc′ . Now since b′ has no neighbor in V1 besides a, it follows that a′ ∈ Sd′ . Since ac ′ and
a′c ′ ∉ E, we conclude that Sd′ is either {a′, c} or {a′, d}. If Sd′ = {a′, c}, then cb ∈ E and d ∈ Sb. Also since a′d′ ∉ E, we have
dd′ ∈ E to dominate d′ by Sb. Now clearly Sd = {b′, a} and so b′y ∈ E. But since N(b′) ∩ V1 = {a} it follows that a dominates
all V1 − {d}, and so ac ∈ E. Observe that d is adjacent to no vertex of V1, for otherwise γ (G[V1]) = 1, contradicting Fact 3.
Clearly we have Sa = {d, c ′} and so c ′y ∈ E. Now since y dominates all V2, Sy ⊂ {a, b, c} and hence d is not dominated by
Sy, a contradiction. If Sd′ = {a′, d}, then bd ∈ E and dd′ ∈ E since a′d′ ∉ E. It follows that bc ∉ E, otherwise b dominates all
V1, contradicting Fact 3. Clearly then Sd = {b′, a} implying that b′y ∈ E and a dominates all V1 − {d}. Moreover, consider
Sa = {d, c ′} to see that c ′y ∈ E. Now y dominates all V2. Observe that if cd ∈ E, then since bb′ and b′d′ ∉ E, it follows that
Sc = {b, d′}. But then b′ is not dominated by Sc , a contradiction. Hence cd ∉ E. On the other hand, cd′ ∉ E, for otherwise
Sc = {b′, b} or Sc = {b′, d}which is impossible since b′ is not adjacent to b or d. Consider now Sb = {c, a′} and observe that
d′ is not dominated by Sb, a contradiction. Therefore |N(a′) ∩ V1| ≤ 2. If |N(a′) ∩ V1| = 1, then since Sc′ = {a, a′}, vertex
a should dominate all V1, a contradiction with Fact 3. Hence |N(a′) ∩ V1| = 2. So we can a′d ∈ E, and so {b, c} ⊂ N(a) to
be dominated by Sc′ . If a′d′ ∈ E, then Sd′ = {b′, a}. Since N(b′) ∩ V1 = {a}, it follows that a dominates all vertices of V1,
a contradiction. Hence a′d′ ∉ E. This implies ad′ ∈ E to dominate d′ by Sc′ = {a, a′}. From c ′ ∈ Sa and d′ ∈ Sb′ we have
{c ′, d′} ⊆ N(y). If dd′ ∈ E, then {a, d′} would be a TDS for G, a contradiction. So dd′ ∉ E. Now since ab′ ∈ E, Sb′ = {d′, c}
or {d′, b}. If Sb′ = {d′, c}, and so {d, d′} ⊂ N(c). Now Sc = {b, a′} and so ba′ ∈ E, this contradicts |N(a′) ∩ V1| = 2. Thus
Sb′ = {d′, d} and so {d, d′} ⊂ N(b) but then Sb contains c and one of a′ and b′. Clearly if ca′ ∈ E, then |N(a′) ∩ V1| > 2, and
if cb′ ∈ E, then a is not the unique neighbor of b′ in V1. Both situations yield to a contradiction and the proof of the Fact is
complete. 
According to the previous fact and since Sx = {b′, c ′}, as already assumed, is a γt(G− x)-set we let a, b ∈ N(b′) ∩ V1 and
c, d ∈ N(c ′) ∩ V1. Also by Fact 3, a′c ′ ∉ E and likewise b′d′ ∉ E. To dominate y by Sc′ we must have a′ ∈ Sc′ and so a′y ∈ E.
Likewise d′ ∈ Sb′ and so d′y ∈ E. On the other hand we can assume, without loss of generality, that Sc′ = {a, a′}.
Fact 7. If d′a ∉ E, then G = H7.
Proof. Assume that d′a ∉ E. Since Sc′ = {a, a′} dominates d′ we have d′a′ ∈ E. Observe that {c ′, d′, b′} ⊆ Sa′ ∪ Sb′ ∪ Sd′ ,
implying that {b′, c ′, d′} ⊂ N(y). Recall that a′y ∈ E by Sc′ = {a, a′}. Hence y dominates all V2. Now since d′ ∈ Sb′ , we can
assume, without loss of generality, that Sb′ = {d, d′}, implying that dd′ ∈ E and da ∈ E.
680 M. Chellali et al. / Discrete Applied Mathematics 160 (2012) 676–681
Next we shall show that if cd ∈ E, then G = H7. Assume that cd ∈ E. Then bd ∉ E for otherwise d dominates all V1, a
contradiction with Fact 3. So d′b ∈ E. Let us consider the following two cases.
Case 1. d′ ∈ Sa. If Sa = {d′, c}, then cb′ ∈ E implying that {b′, c} is a TDS for G, a contradiction. Hence Sa = {d′, b}. If
d′c ∈ E, then Sd′ = {a, b′}. If b′c ∈ E, then {b′, c} is a TDS for G, a contradiction. Hence ac ∈ E. Now to dominate V1 by Sy,
it is required that b has neighbor in {a, c, d} but this will contradicts Fact 3. Thus d′c ∉ E, and so bc ∈ E to dominate c by
Sa = {d′, b}. Recall that by Observation 2, ab ∉ E since b ∈ Sa. Then it follows from a′ ∈ Sc′ that a′b ∈ E. Now clearly a ∈ Sc
and Sc should also contain either a′ or b′. Since d′b′ ∉ E and ad′ ∉ E, it follows that Sc = {a, a′}. This implies that ac ′ ∈ E.
This is a contradiction since a ∈ Sc′ . Therefore d′ ∉ Sa.
Case 2. c ′ ∈ Sa. Then either Sa = {b, c ′} or Sa = {c, c ′}. If Sa = {b, c ′}, then we have ac ′ ∉ E and c ′b ∈ E. Since a′c ′ ∉ E,
it follows that ba′ ∈ E. Now N(y) ⊂ N(b), and by Observation 3, G is not 3-γt-vertex critical, a contradiction. Therefore we
conclude that Sa = {c, c ′} and so ac, ac ′ ∉ E. Then since a′c ′ ∉ E, we have that ca′ ∈ E. If a′ is adjacent to b, then {a′, c} is a
TDS for G, a contradiction. So a′b ∉ E. Now it follows from Sc′ = {a, a′} that ab ∈ E. If b′d ∈ E, then {d, b′} is a TDS for G, a
contradiction. So b′d ∉ E. Clearly Sd = {b, b′} since ba′ ∉ E. To dominate c by Sd either bc ∈ E or cb′ ∈ E. The first situation
(bc ∈ E) implies that {a′, c} is TDS for G, a contradiction. Hence bc ∉ E and cb′ ∈ E. It follows that b must be adjacent to
c ′ to be dominated by Sa = {c, c ′}. Also cd′ ∉ E for otherwise c and y satisfy conditions of Observation 3, and so G is not
3-γt-vertex critical, a contradiction. Now we observe that G = H7.
Hence, wemay assume that c is not adjacent to d. From Sb′ = {d, d′}we obtain that d′ is adjacent to c . We next show that
if d′ ∈ N(b), thenG = H7. Assume that d′ ∈ N(b). Since Sc′ = {a, a′}, we find that |N(a)∩{b, c}| ∈ {0, 1}. IfN(a)∩{b, c} = ∅,
then {b, c} ⊆ N(a′). But since G[V1] has no isolated vertex, we obtain that {c, d} ⊆ N(b). Then Sb = {a, c ′} and so c ′ ∈ N(a),
a contradiction. Thus |N(a) ∩ {b, c}| = 1. If a ∈ N(b), then a′ ∈ N(c). Since c ∉ N(d), by Fact 3, c ∈ N(b). Now {b, d′} is a
TDS for G, a contradiction. Thus a ∈ N(c) and so a′ ∈ N(b).
Since c ′ ∈ Sa′ , and ba′ ∈ E, we have Sa′ ∈ {{c ′, c}, {c ′, d}}. If Sa′ = {c ′, c}, then by Fact 3, c ∈ N(b) and so d ∈ Sc . Thus
d ∈ N(a′). Now we can see that G = H7. Next we assume that Sa′ = {c ′, d}. By Fact 3, d ∈ N(b) and c ∈ Sd. So either
c ∈ N(a′) or c ∈ N(b′). If c ∈ N(b′), then {b, b′} is a TDS for G, a contradiction. So c ∈ N(a′). Now we can see that G = H7.
Therefore we assume that d′ ∉ N(b) and so d ∈ N(b). If a ∈ N(b), then there is a vertex w ∈ {a, b, d} such that Sw does
not dominate G − w, since G[V1] has no isolated vertex (we know that Sy ⊆ V1). This contradiction implies that a ∉ N(b)
and so a′ ∈ N(b), since Sc′ = {a, a′}. If c ∈ N(b), then from a ∈ Sb we obtain that a ∈ N(c ′), since a ∉ N(d′). This is a
contradiction since Sc′ = {a, a′}. Thus c ∉ N(b). Since G[V1] has no isolated vertex, by Fact 3 we obtain that a ∈ N(c). Now
b ∈ Sa and d′ ∉ N(b). So Sa = {b, c ′}which implies that b ∈ N(c ′). But d′ ∈ Sb. Since a ∉ N(d′), we obtain that Sb = {d′, c}.
Since d′b′ ∉ E, we obtain that c ∈ N(b′). Hence G = H7. 
Now we return to the proof of Theorem 7. According to Fact 7 we can assume that d′a ∈ E. For {b, c, d} to be dominated
by Sc′ , we have one of the following.
a′ ∈ N(b), and {c, d} ⊆ N(a) (1)
a′ ∈ N(c), and {b, d} ⊆ N(a) (2)
a ∈ N(b), and {c, d} ⊆ N(a′) (3)
a ∈ N(d), and {b, c} ⊆ N(a′). (4)
• If (1) holds, then ab ∉ E and Sa = {b, c ′}, implying that c ′ is adjacent to both b and y. Since a′, b′, c ′ ∈ N(b), it follows
that bd′ ∉ E. Clearly d′ ∈ Sb′ . Without loss of generality, we assume that Sb′ = {d, d′}. Hence b ∈ N(d) and by Fact 3,
dc ∉ E. So cd′ ∈ E. If da′ ∉ E, then d′ is adjacent to a′ and so b′ ∈ Sd′ , implying that b′y ∈ E. But {a, b′}would be a TDS for
G, a contradiction. Hence da′ ∈ E and so b′ ∈ Sd. It follows that b′y ∈ E, implying once more that {a, b′} is a TDS for G, a
contradiction.
• If (2) holds, then it is obvious that Sa = {c, c ′} and so c ′ is adjacent to y. Next we shall show that c ′ is not adjacent to b.
Assume to the contrary that c ′b ∈ E. Clearly d′ ∈ Sb′ and so d′y ∈ E. If d′c ∈ E, then {d′, a} is a TDS forG, a contradiction.
So d′c ∉ E implying that Sb′ = {d′, d}. Hence cd ∈ E to dominate c by Sb′ = {d′, d}. By Fact 3, db ∉ E and so bd′ ∈ E to
dominate b by Sb′ . If d is adjacent to a′, then {d, c ′} is a TDS for G, a contradiction. Thus da′ ∉ E and so d′a′ ∈ E. Also if
ba′ ∈ E, then {b, c ′} is a TDS for G, a contradiction too. Thus ba′ ∉ E. Now consider Sd. Then b ∈ Sd and since ba′ ∉ E, we
have Sd = {b, b′}, implying that b′y ∈ E. If bc ∈ E, then d and a′ belong to Sb, but da′ ∉ E, a contradiction. Thus bc ∉ E
and so b′c ∈ E (because of Sd = {b, b′}). But then {a, b′} is a TDS for G, a contradiction.
Thus c ′b ∉ E. Hence cb ∈ E to dominate b by Sa = {c, c ′}. Recall that d′ ∈ Sb′ and so d′y ∈ E. If d′ is adjacent to c , then
{d′, a} is a TDS for G, a contradiction. Thus cd′ ∉ E and so Sb′ = {d, d′}. Since cd′ ∉ E, we have dc ∈ E to dominate c by
Sb′ . By Fact 3, bd ∉ E and so d′b ∈ E to dominate b by Sb′ . If d′ is adjacent to a′, then {a′ , c} is a TDS for G, a contradiction.
So a′d′ ∉ E and so da′ ∈ E. Now b′ ∈ Sd and so b′y ∈ E. Now we observe that G = H7.
• Assume that (3) holds. Recall that d′ ∈ Sb′ and d′y ∈ E. Without loss of generality, we can assume that Sb′ = {d, d′} and
so dd′ ∈ E. If c is adjacent to d′, then {a, d′} is a TDS for G, a contradiction. Hence cd′ ∉ E and so cd ∈ E to dominate c by
Sb′ = {d, d′}. If b and d are adjacent, then {d, a′} would be a TDS for G. Thus bd ∉ E and so bd′ ∈ E. Clearly now b′ ∈ Sd
and c ′ ∈ Sa, implying that b′y and c ′y ∈ E. If ad ∈ E, then we are in the previous situation (2). So we may assume that
ad ∉ E. If a and c are adjacent, then {a, d′} is a TDS for G, a contradiction. So ac ∉ E. Now since Sy ⊆ V1 we must have
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bc ∈ E. If b ∈ N(c ′), then G = H5. So assume that b ∉ N(c ′). If c ∈ N(b′), then it is not difficult to see that G = H5. Finally
if c ∉ N(b′), then we can see that G = H6.
• Assume that (4) holds. Then a′d ∉ E for otherwise a′ dominates all V1, and by Observation 3, G is not 3-γt-vertex critical.
Also it is clear that c ′ ∈ Sa and so c ′ is adjacent to y. Since d′ ∈ Sb′ , Sb′ ∈ {{d′, c}, {d′, d}}, and d′y ∈ E. Note that if
Sb′ = {d′, d}, then to dominate a′ we have that a′d′ ∈ E. If d is adjacent to c , then {a′, c} is a TDS for G, a contradiction. So
dc ∉ E and hence d′c ∈ E. Since c is adjacent to a′, c ′ and d′, then cb′ ∈ E. Also d′b ∉ E (else d′ dominates all V1) and so
bd ∈ E. Now Sd′ = {b, b′}, which implies that bc ∈ E. Consider Sc to see that b′y ∈ E. Therefore G = H7.
If Sb′ = {d′, c}, then d′ is adjacent to c , and cb′ ∉ E (else c and y satisfy conditions of Observation 3). If c is adjacent
to d, then {a′ , c} is a TDS for G, a contradiction. Thus cd ∉ E, and so dd′ ∈ E. Clearly b′ ∈ Sc and so b′y ∈ E. If a ∈ N(b),
then {d′, a} is a TDS for G, a contradiction. So ab ∉ E. If a adjacent to c , then {a, b′} is a TDS for G, a contradiction too. So
ac ∉ E. Using the fact that Sy ⊆ V1, and G[V1] has no isolated vertex, we deduce that c, d ∈ N(b). Now if G has no other
edge, then G = H1. If bc ′ ∈ E, then G = H2. If b′d ∈ E, then G = H3. Finally if bc ′, b′d ∈ E, then G = H4. 
5. Proof of Proposition 8
Proof. By Theorem 7 it is sufficient to assume that n ≥ 12. Let k = n−22 and let Pk be a path with vertex set {v1, v2, . . . , vk}.
Let Hk be the graph obtained from Pk by adding the edges v⌊ k2 ⌋vi, for i = 1, 2, . . . , ⌊
k
2⌋ − 2 if ⌊ k2⌋ > 2, and v⌊ k2 ⌋+1vj, for
j = ⌊ k2⌋ + 3, . . . , k. Clearly {v⌊ k2 ⌋, v⌊ k2 ⌋+1} is a TDS for Hk and {v⌊ k2 ⌋−1, v⌊ k2 ⌋+2} is a TDS for Hk, where Hk is the complement
graph of Hk. We denote corresponding vertices of Hk and Hk by v
Hk
i and v
Hk
i , where v
Hk
i ∈ V (Hk) and vHki ∈ V (Hk). Let Gk be
the graph obtained fromHk∪Hk by adding all edges betweenHk andHk except for a perfectmatching between corresponding
vertices of Hk and Hk, and then adding two new vertices x and y such that x is joined to every vertex in Hk and y is joined to
every vertex in Hk.
It is obvious that diam(Gk) = 3. We show that Gk is 3-γt-vertex critical. Clearly no two adjacent vertices of Gk dominate
Gk and so γt(Gk) ≥ 3. Equality is obtained since {x, vHk1 , vHkj } is a TDS for Gk, where vHkj ∈ V (Hk) and vHkj ∉ N(vHk1 ). It is
straightforward to see that
Sx =

v
Hk
⌊ k2 ⌋−1
, v
Hk
⌊ k2 ⌋+2

, Sy =

v
Hk
⌊ k2 ⌋
, v
Hk
⌊ k2 ⌋+1

.
Also for i = 1, 2, . . . , k,
S
v
Hk
i
=

v
Hk
i , v
Hk
j

,
where vHkj ∈ V (Hk) and vHkj ∉ N(vHki ), and
S
v
Hk
i
=

v
Hk
i , v
Hk
j

,
where vHkj ∈ V (Hk) and vHkj ∉ N(vHki ). Thus G is 3-γt-vertex critical. 
Acknowledgments
We would like to thank the referees for their careful review of our manuscript and some helpful suggestions.
The first author’s researchwas supported by ProgrammesNationaux de Recherche (Code 8/u09/510). The second author’s
research was supported in part by a grant from IPM (No. 90050042).
References
[1] W. Goddard, T.W. Haynes, M.A. Henning, L.C.V. Merwe, The diameter of total domination vertex critical graphs, Discrete Math. 286 (2004) 255–261.
[2] D. Hanson, P. Wang, A note on extremal total domination edge critical graphs, Util. Math 63 (2003) 89–96.
[3] T.W. Haynes, S.T. Hedetniemi, P.J. Slater, Fundamentals of Domination in Graphs, Marcel Dekker, Inc., New York, 1998.
[4] M.A. Henning, Recent results on total domination in graphs: a survey, Discrete Math. 309 (2009) 32–63.
[5] M.A. Henning, N. Jafari Rad, On total domination vertex critical graphs of high connectivity, Discrete Appl. Math. 157 (2009) 1969–1973.
[6] M. Loizeaux, L. van der Merwe, A total domination vertex–vertex critical graph of diameter two, Bull. ICA 48 (2006) 63–65.
[7] M.Y. Sohn, D. Kim, Y.S. Kwon, J. Lee, On the existence problem of the total domination vertex critical graphs, Discrete Appl. Math. 159 (2011) 46–52.
[8] C. Wang, Z. Hu, X. Li, A constructive characterization of total domination vertex critical graphs, Discrete Math. 309 (2009) 991–996.
[9] D.B. West, Introduction to Graph Theory, Prentice-Hall, Inc., 2000.
